We consider the anisotropic Ising model on the triangular lattice with finite boundaries, and use Kaufman's spinor method to calculate lowtemperature series expansions for the partition function to high order. From these, we can obtain 108-term series expansions for the bulk, surface and corner free energies. We extrapolate these to all terms and thereby conjecture the exact results for each. Our results agree with the exactly known bulk-free energy and with Cardy and Peschel's conformal invariance predictions for the dominant behaviour at criticality. For the isotropic case, they also agree with Vernier and Jacobsen's conjecture for the 60 • corners.
Introduction
Vernier & Jacobsen [1] considered a number of twodimensional lattice models in statistical mechanics that are 'exactly solved' in the sense that their bulk-free energies (and where appropriate their order parameters) have been calculated exactly. They developed series expansions of typically 25 or so terms for the surface and corner free energies, and from these were able to conjecture the exact forms.
For the square lattice Ising model, the bulk-free energy was obtained by Onsager in 1944 [2] , and the surface free energy in 1967 by McCoy & Wu [3, eqn 4 .24b], [4, p. 126, eqn 4.24b ]. In 2017, Baxter [5] and Hucht [6, 7] derived the low-temperature form of the corner free energy and showed that Vernier and Jacobsen's conjectures were indeed correct for all three free energies.
Here, we consider the anisotropic ferromagnetic Ising model on the triangular lattice and develop lowtemperature (T < T c ) series expansions for the ordered phase. The bulk-free energy was obtained in 1950 by Houtappel and others [8] [9] [10] [11] where κ b , κ s 1 , κ s 2 , κ c are independent of M, N and the correction term μ M,N tends to zero as M, N both tend to infinity. These are the bulk, surface and corner free energies partition functions discussed in [5] . They are the exponential of the free energies discussed by Vernier & Jacobsen [1] .
Transfer matrices
From now on, we consider Z rather than Z, i.e. we remove the leading factor e K i in each edge of type i. We can construct the partition function of figure (1.1) in the usual way, using transfer matrices. We follow the notation of §2 of [5] , except that here we use local transfer matrices that each add only a single edge of the lattice, and we rearrange the 2N-dimensional matrices so that rows 1, 2, 3, . . . , N become 1, 3, 5, . . . , 2N − 1 and rows N + 1, N + 2, . . . , 2N become 2, 4, . . . , 2N, and similarly for the columns.
Let σ = {σ 1 , . . . , σ N } be the spins on a row of the lattice, and σ = {σ 1 , . . . , σ N } be the spins on the row above. Then, we can define the 2 N -dimensional row-to-row transfer matrices U j,j+1 , V j,j+1 , W j , with elements U j,j+1 σ ,σ = e K 1 (σ j σ j+1 −1) δ σ ,σ ,
The matrices U j,j+1 , W j,j+1 are diagonal. Let 1 = 1 0 0 1 , s = 1 0 0 −1 and c = 0 1 1 0 , and define s j , c j to be the 2 N -dimensional matrices s j = 1 ⊗ · · · ⊗ 1 ⊗ s ⊗ 1 ⊗ · · · ⊗ 1 and c j = 1 ⊗ · · · ⊗ 1 ⊗ c ⊗ 1 ⊗ · · · ⊗ 1, s, c on the RHS being in position j. Then U j,j+1 = exp{K 1 (s j s j+1 − 1)}, V j,j+1 = exp{K 2 (s j s j+1 − 1)} and W j = (1 − e −4K 3 ) 1/2 e K * 3 c j , where tanh K * 3 = e −2K 3 .
The usual row-to-row transfer matrix is
(each V adds a horizontal edge in the lower row, each W a vertical edge, and each U a slanting edge). Let ξ be the 2 N -dimensional vector with all entries unity. Then the partition function is As in Kaufman [5, 13] , we can replace the 2 N -dimensional matrices U, V, W by 2N-dimensional onesŨ,Ṽ,W, with elements
Thus each of theŨ,Ṽ,W matrices has just four elements that are not 1 or 0. If we also define the simple 2N by N matrix J with entries zero except for
and, analogously to (3.2),T 4) where N i is the number of type-i edges (in this case N 3 = N(M − 1)), and Q is the N by N matrix
5)
J † being the hermitian transpose of J.
(a) Other shapes
Each of the matricesŨ m,m+1 ,Ṽ m,m+1 ,W m entering (3.5) via (3.3) can be associated with a particular edge of figure (1.1). Other shapes can be obtained by simply deleting the corresponding matrices. For instance, the result for figure (1.2) can be obtained by deleting theṼ N−2,N−1 ,Ṽ N−1,N before the J in (3.5), theṼ N−1,N ,W N−1 ,Ũ N−1,N ,W N in the furthest right matrixT in (3.5), and theW N in the next furthest rightT. This reduces the number of type-1 edges by 1, of type-2 edges by 3 and of type-3 edges by 3, so we must replace N 3 in (3.4) by N(M − 1) − 3.
The isotropic case
We first focus on the isotropic case, when K 1 = K 2 = K 3 and z 1 = z 2 = z 3 = z.
We have performed calculations on various convex-shaped graphs on the triangular lattice, expanding Z to orders as high as 108 in z (or in the elliptic parameter p defined below). In all cases, we find that (2.4) generalizes to where n b is the number of sites in the graph, n s is the number of surface sites, n c is the number of 60 • corners andñ c is the number of 120 • corners. Again, the correction term μ M,N tends to zero as both M and N tend to infinity. When counting these numbers, n b includes all sites, including those on the surfaces and corners, and n s is the sum of all surface sites, including the adjacent corners. (So any individual surface must have at least two sites.) Hence the number of distinct boundary sites on a graph is n s − n c −ñ c . So for the particular graphs in figure 1 (both with M = 7, N = 5), for the first graph We expect (4.1) to be true in the sense that the ratio of the LHS to the RHS → 1 when the area and all surfaces become large. Then this limit defines κ b , κ s , κ c ,κ c . It is convenient to expand, not in powers of the low-temperature variable z, but in the related variable p, defined by
.
Then from (11.7.14) of [15] , the bulk-free energy is
which is the result (56) of [1] . 1 Presumably, the surface free energy could be calculated from the eigenvalues of the row-torow transfer matrix, as has been done for the square lattice [3] [4] [5] . We shall not attempt this here, but merely present our results obtained by extrapolation from series expansions.
The exponents in (4.2) are either constants or linear in k, and have a repeat pattern of period 24. For both the surface and free energies of figure (1.1), we observe that the corresponding exponents in the product expansions behave similarly (to the order p 108 that we calculated), except that some of the corner free energy exponents are quadratic in k. These observations enable us to confidently conjecture that
These results are true to order p 108 for all the four shapes listed here, as well as some others. Our formula for κ c agrees with the conjecture (60) of [1] . 
(a) Summation formulae
The above products can readily be converted to exponentials of sums by using the general formula, true for all r, s, a, b, c (r positive)
Similarly, the logarithms of κ s , κ c ,κ c are given by (4.3), with the function F replaced by In every case, F(p −1 ) = −F(p), which means that the sum over m in (4.3) can be extended from −∞ to ∞ (excluding zero), which is a valuable check on our conjectures and makes it simple to use a Poisson transformation to expand about the critical point p = 1.
The general anisotropic case
There are now three types of surfaces: we can say that those lying on edges with interaction coefficients K i are of 'type i' and associate with them a surface free energy κ s,i .
There are also three types of 60 • corners. If the adjoining boundary edges are of types i − 1 and i + 1 (mod 3), we also say they are of 'type i' and associate a corner free energy κ c,i . Similarly, for 120 • corners, we associate a corner free energyκ c,i .
If there are n s,i , n c,i ,ñ c,i surfaces, 60 • corners and 120 • corners of type i, respectively, then (4.1) generalizes to We do now encounter a problem with defining the corner free energies. We can vary n b and the n s,i arbitrarily, so (5.1) does indeed define κ b and the κ s,i . However, we are not free to choose any values of n c,i andñ c,i : there are only 11 distinct possible convex shapes and they all satisfy
It follows that we can multiply each κ c,i by any function ρ i , provided we also divide eachκ c,i by ρ i , and that ρ 1 ρ 2 ρ 3 = 1, i.e we are free to make the transformation
However, there is one condition that we can impose that does restrict the choice of the ρ i . When K 1 → 0 the triangular lattice of figure (1.1) becomes the square lattice [5] . Then by symmetry all four corners are equal, so in this case we should have κ c,1 =κ c,1 .
We have made a number of calculations for various convex shapes (up to 108 terms in expansions in powers of p). They all support the conjecture that (5.1) is true in the limit when each surface is large, the κ b , κ s,i , κ c,i ,κ c,i being independent of the shape.
(a) Elliptic function parametrization
To handle the anisotropic case, it is convenient to introduce two 'elliptic-type' functions
We also introduce parameters q, a 1 , a 2 , a 3 such that 
For the ferromagnetic case, we must have 0 < z j ≤ 1, so each of a 1 , a 2 , a 3 must be less than one. Then (5.6) implies that for j = 1, 2, 3, q < a j ≤ 1.
(5.8)
The anisotropic triangular Ising model is discussed in §11.7 of [15] . Here, we write the l, K 1 , K 2 , K 3 therein as k, K 1 , K 2 , K 3 . Then from eqn (11.7.5) therein, with v j = (1 − z j )/(1 + z j ), we obtain
This k is the elliptic modulus corresponding to the nome q. From (15.1.4) of [15] ,
where q is the nome conjugate to q. If we define λ, u 1 , u 2 , u 3 so that for j = 1, 2, 3, q = e −πλ and z j = e −πu j , (5.10) then, using (5.6), q = e −π/λ and u 1 + u 2 + u 3 = λ.
(5.11)
The system is ferromagnetically ordered if z 1 , z 2 , z 3 are real and positive and 0 < k < 1.
If a 1 = a 2 = a 3 = q 1/3 , then we regain the isotropic case, with q = p 6 .
(b) The bulk and surface free energies
Again we can use (11.7.14) of [15] to obtain
where When a 1 = a 2 = a 3 = q 1/3 and q = p 6 , this is the same as (4.2) above. We could presumably derive at least the surface free energies by generalizing the methods of [5] . We have not done so, but from our series expansions (up to order p 108 ) we conjecture that 
(c) The corner free energies
When we calculate the combined 60 • corner free energy from figure (2.1), we find that κ c,1 κ c,2 κ c,3 is a product of functions of q and a 1 , a 2 , a 3 , respectively. This means we can choose κ c,i to be a function of q and a i only. Thenκ c,i is determined by the results of figure (1.1) .
However, when we do this and set K 1 = 0, which implies a 1 = 1, we find that
whereas the argument following (5.3) implies that this ratio should be 1. 2 To fix this problem, we define
and introduce into κ c,i ,κ c,i extra factorsρ i , 1/ρ i , whereρ i =ρ(a i |a i+1 , a i−1 ) and
Clearly,
and, using the restriction (5.6), For the 60 • corner free energy, we now have
The 120 • corner free energy is the most cumbersome of all our formulae. With the above choice of κ c,i it isκ
whereκ c (a 1 |a 2 , a 3 |q) = P 0 P 1 (a 1 )P 2 (a 1 )P 3 (a 1 )P 4 (a 1 |a 2 , a 3 )P 5 (a 1 |a 2 , a 3 ) ρ(a 1 |a 2 , a 3 ) (5.20)
and, defining
and P 4 (a 1 |a 2 , a 3 ) = Q(a 1 , a 2 )Q(a 1 , a 3 ), P 5 (a 1 |a 2 , a 3 ) = R(a 1 , a 2 )R(a 1 , a 3 ), we have
(1 − a m−1/2 q 2k+m−3/2 ) 4k−2 (1 − a m−1/2 q 2k+m−1 ) 2 (1 − a m−1/2 q 2k+m−5/2 ) 4k−4 (1 − a m−1/2 q 2k+m−2 ) 2 , 
R(a, b)
Apart from the square lattice Ising model result and the conjectures of Vernier & Jacobsen [1] , the author knows of no argument that corner free energies should have simple product expansions in terms of elliptic variables such as a 1 , a 2 , a 3 , q. However, we note that the second argument b only enters the factors in the function Q linearly in b 1/2 , and R linearly in b. This is a significant simplification and encourages us to believe in the correctness of these conjectures.
(d) Summation formulae for the anisotropic case
As in the previous section, we can convert these products to sums by taking the logarithms, obtaining
The series (5.22) is convergent provided where F c (a 1 , q) = − q 2 6(1 − q 4 ) + q 1/2 (1 + q 2 ) a 1/2 Finally, provided |a 1 | < q −1 and |a 2 |, |a 3 
These formulae for F ρ , F b , F s , F c ,F c follow from the product forms (5.13)-(5.21). They all have the property [using (5.6)] that they are negated by inverting their arguments. When a 1 = a 2 = a 3 = q 1/3 they of course agree with the isotropic formulae (4.3)-(4.4).
We are taking 0 < q < 1 throughout this paper, so the products in (5.13)-(5.21) are always convergent. The sums in (5.23)-(5.30) are convergent only if the specified restrictions are satisfied.
Inversion-type relations
The results of the previous two sections should apply throughout the physical ferromagnetic regime, where z 1 , z 2 , z 3 are all real, positive, and less than one. This is when a 1 , a 2 , a 3 are all real and p 4 < a j < p −2 and a 1 a 2 a 3 = 1.
However, our results for κ b (a), . . . ,κ c (a 1 |a 2 , a 3 ) are meromorphic functions of a 1 , a 2 , a 3 in the complex plane, so can immediately be extended to all complex values. It is these extensions (analytic continuations) that we consider here. The edge matrices U j,j+1 , V j,j+1 , W j depend on K 1 , K 2 , K 3 , or equivalently z 1 , z 2 , z 3 , respectively.
If we write the transfer matrix T as T(z 1 , z 2 , z 3 ), then from (3.2), its transposed inverse is
If Λ(z 1 , z 2 , z 3 ) is the maximum eigenvalue of T in the physical regime (when z 1 , z 2 , z 3 are real, positive and less than one), then this suggests that the analytic continuation of Λ(z 1 , z 2 , z 3 ) satisfies
Since
this implies, using the z 2 , z 3 → z 3 , z 2 symmetry, that Changing variables from z 1 , z 2 , z 3 to a 1 , a 2 , a 3 , from (5.13), (5.15 ) and (6.1),
where χ is a constant, independent of a 1 , a 2 , a 3 , but possibly dependent on p. (6.2) and (6.3) are 'inversion relations' [5, 16, 17] . For the square lattice, we were able to obtain two more relations (one for κ s,i and one for κ c ), but unfortunately that method breaks down here. 3 If we take
then we find that our results (5.13), (5.16) do indeed satisfy these relations. If we assume that κ b (a, q) is analytic at a = 1 and at a = q, then the two relations (6.2) are sufficient to determine κ b (a, q). However, (6.3) is not sufficient to determine κ s (a 1 |a 2 , a 3 |q). 4 
Behaviour near criticality
We use definitions (5.10), (5.11) and in equations (5.4)-(5.5), we set
The critical case is obtained by taking the limit λ, u j → 0 + keeping the ratios u j /λ fixed. (For the isotropic case, they are 1/3.). Then q, k → 1 and the system becomes critical.
In this limit, the above products and sums all converge more and more slowly. However, fortunately we can transform them to forms that converge quickly by using either the conjugate modulus identities of elliptic functions, or more generally by using the Poisson transform [15, eqn 15.8,1] .
We find that
So the ratios u j /λ are finite and analytic at q = 0, while q is proportional to the deviation from criticality T c − T. We shall regard q as that deviation, i.e. we take Similarly, the dominant singular contribution to the surface free energy is
and to leading order, using (5.10), (5.11) ,
In each of the last two equations, the first term in the large square brackets comes from thê ρ factor we introduced into (5.19), (5.20) . We see that their effect is to make the two expressions differ only in negating u 1 .
The bulk, surface and corner free energies, therefore, have singularities proportional to (T c − T) 2 log(T c − T), (T c − T) log(T c − T), and log(T c − T), respectively, corresponding to the critical exponents being 2, 1, 0.
(a) Predictions of conformal invariance
In 1988, Cardy & Peschel [18, eqn 4.4] predicted that at the critical temperature the divergent logarithmic term in the corner free energy of any planar isotropic model of size L would be
where γ is the internal angle of the corner and c is the conformal anomaly number. For the planar spin 1/2 XY-model and the Ising model, c = 1/2 [19] . Set
then our result (7.1) becomes
If we also identify − log q with log L, 5 then this agrees with Cardy and Peschel's prediction (7.3). Our result (7.2) also agrees with (7.3), provided we replace γ by the supplementary angle π − γ . For the isotropic triangular lattice, u 1 = λ/3 and (7.1), (7.2) give
which correspond to γ = π/3 and γ = 2π/3 in (7.5).
As discussed above, we obtain the square lattice if we take a 1 = 1 and u 1 = 0. Then (7.1), ( 
Comparison with the square lattice
The square lattice may be regarded as a special case of the triangular lattice, when one of the three interactions is turned off. If we take
then from (5.4) and (5.7), (2.3)
This is equivalent to removing the SE-NW lines in figure (1.1) , so it just becomes a tilted version of the square lattice we discussed in [5] . The K 2 , K 3 of this paper are the H , H of [5] , and from eqns (2.7), (2.23), (6.8), (6.26) therein,
where G(a, q) is defined by (5.4) above.
Comparing these equations with (5.7) above, the w of [5] is given in terms of our a 2 , a 3 by w = a 1/2 3 = (q/a 2 ) 1/2 , and we can compare our results for a 1 = 1, a 2 = q/w 2 , a 3 = w 2 , with eqn (6.36) of [5] . From (5.23) above,
so from (5.12) and (5.22),
Allowing for the fact that we are working with the partition function Z, whereas [5] works with the full partition function Z, related by (2.2), this is the same as the first of eqns (6.36) of [5] . From (5.25),
From the first diagram of figure 1 , we see that n c,2 is 2N, so comparing this with (1.1) of [5] , our log κ s,2 should be one half of the H − βf s therein. From the third equation of (6.36), we see that this is indeed so.
The equivalence of our result for log κ s, 3 with the H − βf s of [5] follows immediately by interchanging a 2 with a 3 and w with q 1/2 /w.
Finally, we consider the corner free energies in the square lattice case and again set a 1 , a 2 , a 3 = 1, q/w 2 , w 2 . From (5.26) to (5.30), we then find that F ρ , F c ,F c are independent of w, so are functions only of q, and that F ρ + F c = −F ρ +F c = X (q) − X (q 2 )/2,
. k being the conjugate modulus k = (1 − k 2 ) 1/2 , given by (5.1.4b) of [15] . The corner free energy of the square lattice given in (6.36) of [5] is the sum of all the four corners in figure (1.1) and includes the logarithm of the factor 2 in 2.2. Allowing for this, our result (8.3) agrees with (6.36) of [5] .
Summary
We have used Kaufman's spinor method to simplify the exact calculation of the partition function Z of the ferromagnetically ordered Ising model for an arbitrary convex polygon drawn on the triangular lattice. From this, we have been able to calculate series expansions (to 108 terms) of the bulk, surface and the two corner free energies. We observe repeat patterns of period 24, enabling us to extrapolate and thereby conjecture the exact results. Our result for the bulk-free energy agrees with the known result of Houtappel and others [8] [9] [10] [11] [12] .
We first consider the low-temperature isotropic case, when T < T c and all edges of the lattice have interaction coefficient K and Boltzmann weight z = e −2K . We conjecture the surface and corner free energies by extrapolation of the series. Our conjectures agree with that for the 60 • corners of Vernier & Jacobsen [1] .
We then consider the more general case when the three types of edges have different interaction coefficients K 1 , K 2 , K 3 and again T < T c . The results are then more complicated (particularly so for the 120 • corner free energy), but we do see sufficient patterns in the series to confidently predict the free energies. They agree with those for the isotropic case, and with previously found results for the square lattice case, when K 1 = 0.
In all the cases we have studied, we find the general formula (5.1) holds, with κ b , κ s,i , κ c,i ,κ c,i given by (5.12), (5.13), (5.16) and (5.18)- (5.21) .
We obtain the critical behaviour of the bulk, surface and the two corner free energies, and find logarithmic singularities corresponding to the exponents α being 2, 1, 0, 0, respectively, in agreement with the square lattice results. The results for the corner free energies agree with the predictions of conformal invariance [18, eqn 4.4] and later numerical results [20, 21] .
We stress that there is a real problem in our method of extrapolation from series expansion results for finite graphs on the anisotropic triangular lattice. By itself, it tells us only the combinations in (5.3) of the corner free energies, so the individual 60 • and 120 • corner free energies are not completely determined. We have found a reasonably natural choice 6ρ i of the otherwise arbitrary factors ρ i in (5.2) that ensures our results agree with those for the square lattice, and with the predictions of conformal invariance, but there may be others.
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